The paper extends the Inequality Possibility Frontier (IPF) approach introduced by Milanovic, Lindert and Williamson (2011) in two methodological directions. It allows the social minimum to increase with the average income of a society, and it derives all the IPF statistics for two other inequality measures than the Gini. Finally, it applies the framework to contemporary data showing that the inequality extraction ratio can be used in the empirical analysis of post-1960 civil conflict around the world. The duration of conflict and the casualty rate are positively associated with the inequality extraction ratio, that is, with the extent to which elite pushes the actual inequality closer to its maximum level. Inequality, albeit slightly reformulated, is thus shown to play a role in explaining civil conflict.
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Introduction
The purpose of the inequality extraction ratio Williamson 2007, 2011 , in further text MLW) was to measure how close is measured inequality to the maximum inequality that can exist in a given society (called maximum feasible inequality).
The maximum feasible inequality was defined under a special condition such that all but an infinitesimal minority of people (ε) live at the physiological subsistence (s). Then, if we define Y=total income and n=number of people, the surplus (S) over the subsistence will be The surplus will be, under conditions of maximum feasible inequality, received by an infinitesimally small percentage of people, in the extreme case by one person. It should be apparent that the derivation of the maximum feasible inequality follows exactly the same method as used when defining the maximum values of the Gini coefficient or other inequality statistics. The only difference is that here the floor is physiological subsistence (s) rather than income of 0. The conventional maximum Gini of 1 is defined as the situation when all individuals but one have zero incomes, and the one, rich, individual appropriates the entire income of a community. It should also be clear that the conventional maximum Gini is a special case of the maximum feasible Gini when s=0.
This can be readily seen from the formal definition of the maximum feasible Gini. As mentioned, the society consists of two groups of people: εn with income (Y-n(1-ε)s)/ε and n(1-ε) with income of s. The Gini coefficient (G*) is by definition ∑ ∑ where m=mean income, y i =income of individual or group i, and p i =share of i's in total population. With only two groups and average incomes as given, the Gini coefficient reduces to Obviously, when ε→0, the expression simplifies to (3) If we express the mean income in terms of the physiological subsidence (which we shall find particularly useful when dealing with pre-industrial economies), and denote this as α=m/s, then (3) becomes (4) (4) is our final expression for the maximum Gini under the condition of all but one person receiving physiological minimum. Obviously, G* depends on how rich the society is: the richer it is, the more inequality can it theoretically accommodate because the surplus will be greater, and if it is, as by assumption, appropriated by one person, inequality will be greater as well. To fix ideas, suppose that α=2; then G*=0.5; if α=3, then G*=0.66 etc. For very high values of α, as in today's advanced economies, where α>100, the maximum feasible Gini will approach 1. In other words, in very rich societies, the maximum feasible Gini (G*) will not differ much from the conventional Gini derived under the condition that s=0.
The G*'s that are charted as α increases define the locus of maximum Ginis which we call the inequality possibility frontier (IPF). As shown in Figure 1 , the Gini inequality possibility frontier is concave. This can be also checked from equation (4) whose second derivative is negative. 4 
Figure 1. Inequality Possibility Frontier
Consider the situation when the minimum is zero: then, the second term in (3) becomes 0, and the maximum Gini is simply the maximum value of the "standard" Gini index, that is 1 regardless of the average income of society. Then, the IPF is a straight line fixed at G=1 throughout the range of α's.
The inequality extraction ratio (IER) is defined as the ratio between the recorded (measured) Gini and the maximum feasible Gini (G*):
IER gives an estimate of how close a society is to its inequality possibility frontier. It also implies that the same recorded Gini in two societies that differ in terms of their mean incomes will have very different implications. For a poor society, the measured Gini can be quite close to the maximum feasible Gini, and the IER will be high. For a rich society, whose G* is much greater, the G/G* ratio will be lower: the extraction ratio will be less. The ratio will be thus representative both of the level of development of a society and of the ability of the elite to extract the surplus. Thus, to illustrate the role of the average income we may take a contemporary example of Tanzania and Malaysia. Tanzania has a lower Gini than Malaysia (0.38 vs. 0.47 in 2008) 2 US estimates were published by , Russian estimates by Nafziger and Lindert (2012) . 3 The observations for two countries with at least three data points (Holland/Netherland and England) are linked by the dashed lines. Second, inequality was assumed to be measured by the Gini and the IER was defined as the ratio of the two (actual and maximum feasible) Ginis. The question can be asked, can the Inequality Possibility Frontier and the IER be derived for other inequality measures and how would they compare with IPF and IER derived for the Gini? Will countries' extraction ratios move the same way whether we measure inequality using one or another measure?
In other words, we need to show that the IER is not "a prisoner of the Gini". It is to these two questions, both extensions of the original IER concept, that we turn next.
When physiological minimum becomes social minimum
There are three sources of evidence that the social minimum tends to rise with affluence of a community. We use the term "social minimum" to indicate that the "floor income" may rise as mean income increases, while the term "subsistence" or "physiological minimum" is reserved for an "absolute income floor" below which life is not sustainable. To differentiate between the two, we use notation σ for social minimum and s for the physiological minimum.
The first type of empirical evidence comes from the countries' official poverty lines.
They may be thought similar to social minimum, and they tend to increase as the mean income of a society goes up (see Chen and Ravallion, 2008, in particular Figure 1, p. 50 ).
Thus, they gradually diverge from the physiological minimum which remains a poverty threshold only in the poorest countries. Chen and Ravallion (2008, p. 9) find that the elasticity of the official poverty lines with respect to mean income is 0.7, once we move away from the poorest 15 to 20 countries where the elasticity is zero (i.e., their poverty lines are equal to subsistence). Converting this cross-sectional regularity into historical terms 7 implies that the physiological minimum was much more likely to have been a "reasonable" minimum in poor, pre-industrial societies than in today's more affluent ones.
The second type of evidence comes from the studies on subjective poverty. It
emerges there that what people consider to be the "minimum income necessary to make ends meet" increases in respondent's family per capita income. Most research has yielded the elasticity values between 0.4 and 0.7 (see, e.g. Flik and van Praag, 1991, p. 325; van Praag and Flik, 1992, p. 10) . This also accords well with our intuitive perception that as people get richer they set the necessary minimum higher, but do not raise it (in percentage terms) as much as their income increases.
Third, classical economists, most famously Adam Smith, later reprised by Amartya Sen, argued that poverty is not solely a physiological attribute (inability to satisfy some basic minimum needs or functions), but to operate "without shame" in a society. Thus, again, a more affluent society would require a higher social minimum. The same argument was used recently in Ravallion (2012) to argue in favor of a "weakly relative poverty line" for the developing world, such that in addition to the absolute (subsistence) component it would also make allowance for the "social inclusion" needs that rise with the average income of society.
Let the social minimum (σ) be related to the average income normalized by s (=α) as
where b represents the elasticity with which social minimum increases as mean income (normalized by s) of a society goes up. Clearly, if the mean income is at the subsistence itself (μ/s=α=1), then σ must also be equal to s regardless of the elasticity. As μ increases, σ will diverge from s, depending on the elasticity b. By writing the new expression for σ into (3), we obtain
Relationship (7) is the general expression linking the maximum feasible Gini, average income, and elasticity of the minimum with respect to average income. If elasticity b=0, the 8 relationship reduces to (3). There is no social element in the minimum and the minimum is purely physiologically determined. At the other extreme, if b=1, so that the social minimum increases pari passu with the average income, G* becomes 0. In other words, there cannot be any surplus if it is assumed that all members of a community have to be guaranteed a social minimum equal to the mean income. Then, obviously, everybody has the average income and Gini is equal to zero. Formula (7) is a general case of the maximum feasible Gini which allows subsistence to vary between 0; the physiological minimum s; or to increase in function of average income growth of a country up to being equal to mean income.
Empirically, b will lie between the two extremes (0 and 1). For simplicity and also based on the subjective poverty literature as well on the observations of how poverty lines rise with the average income (GDP per capita), a reasonable approximation of b may be 0.5. 4 But higher or lower elasticities are possible. Figure 3 shows the shape of the inequality possibility frontier for several values of b while α ranges from 1 to 48, and then (at the last point on the horizontal axis) attains the value of α=100. The curve on the top labeled "minimum= subsistence", drawn for b=0, is the same IPF as the one which we already drew in Figure 1 . It is the IPF constructed under the assumption that the subsistence minimum does not include any "socially-influenced" part and is purely physiological. As b increases, and the social minimum begins to (increasingly) respond to the rise in the average income, the IPF shifts downward. This should be easy to understand intuitively. As we require that all members of a community have at least an income that rises in proportion to the mean, the "surplus" to be divided among an infinitesimally small elite, will be less. That surplus will obviously be less the greater the elasticity of the social minimum with respect to the mean.
In consequence, maximum feasible inequality must be less and its locus, IPF must shift downward (for any given α).
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4 Notice also that in that case, equation (7) for the maximum feasible Gini conveniently simplifies to 1 -
example, if α=100, as in today's rich economies, G*=0.9. 5 The concave shape of IPF (for any given b) remains.
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Figure 3. Inequality possibility frontier for different values of the social minimum
The introduction of a social, rather than a merely physiological minimum, which in turn shifts downward the IPF, has a straightforward implication for the inequality extraction ratio. Since it is the ratio between measured and maximum feasible Gini, and the latter is now lower, the IER increases. and the United States under two assumptions: (a) that the subsistence minimum is constant and (b) that it increases in proportion to the mean income with elasticity of 0.5. Figure 4 shows the inequality extraction ratios over a long historical period covering more than 300 shows the large difference between the IERs calculated with subsistence only, and under the assumption that the social minimum increases as the mean income goes up. Under the first assumption, the IER in England/UK oscillated around 60 percent throughout 18 th and 19 th century. But if we assume that the social minimum had risen in some proportion with real income (b=0.5), the IERs attained 80 percent. The numbers for the United States are very similar.
The political implications of b=0 and b=0.5 are very different. If the elites had to acquiesce to a rise of the minimum living standard for the masses, then an 80% inequality extraction ratio shows that they were able or willing to push overall inequality rather close to the maximum. If, on the other hand, we believe that there was no social pressure to rise social minimum, then the elites' appetites may be thought to have been relatively modest.
In both countries, it is only in the 20 th century, as illustrated more clearly in Figure 5 , that the IER, calculated under the more stringent conditions of a changing social minimum, began its downward slide, to be arrested and reversed in the last quarter of the 20 th century and early 21 st . But because real incomes have by then risen to very high levels (exceeding, in the United States, 100 time the subsistence minimum), the inequality possibility frontier was close to 1 whether we use b=0.5 or b=0 assumption, and the inequality extraction ratio was similar under both scenarios. 7 Today, actual inequality in the UK reaches the level of some 40 percent of the maximum feasible inequality while in the United States it is just over 50 percent. This is a significant improvement compared to the situation some 150 years ago when the IER ratios in both countries were around 80 percent.
While the changes in the IER are more dramatic and probably more informative when calculated over longer periods of time, the results can be very interesting for the contemporary period as well particularly when we are dealing with countries that register high income increases or declines. Recently, perhaps the most startling is the comparison between China and Russia. GDP per capita offset higher inequality and the IER remained at 50 percent. In Russia, the extraction ratio almost doubled going up from 21 percent to 41 percent. These patterns would be somewhat less striking if we assumed that the social minimum changes with mean income: both Chinese gains and Russian loses would be less dramatic. Another way to look at the behavior of the inequality extraction ratio with a changing social minimum is to take the current actual social minima, find out what they implicitly imply about b, and calculate the inequality extraction ratio based on such "real" data (that is, without a prior assumption of a given elasticity). Take the United States in 2012. Its GDP per capita was $43,000 and the federal poverty line for a four-member household was $23,050. On a per capita basis, this gives a poverty line of $5,762 per year.
Assuming as before a physiological subsistence of $300 per year, and plugging these actual values into (6), enables us to calculate the implicit elasticity b. It works out as 0.59. Figure 7 shows the inequality extraction ratio for the United States over the period 1965-2012 using this implicit observed elasticity of the social minimum with respect to real income. The pattern of the increase is the same as with b=0.5, but the level of the extraction ratio is higher. In 2012, it is about 3 points higher: 51 percent instead of 48 percent. Of course, in either case, the rise of the extraction ratio during the past 45 years was substantial. 
Inequality Possibility Frontier with measures other than Gini
So far the analysis has been conducted exclusively in terms of the Gini coefficient. It is around the Gini coefficient that we have created the inequality possibility frontier and the inequality extraction ratio, In other words, we had assumed throughout that inequality = Gini. But that of course is not true. Inequality can be measured by many other measures.
The question can then be asked, Would our results remain if instead of Gini we used another measure of inequality? That implies re-expressing the entire framework (i.e., deriving IPF and IER) in terms of other inequality measures. We do this here for three measures: the two Theil indices, and the standard deviation of logs of incomes.
The first step is the derivation of the maxima for each of the measures and for different α's, under the assumption that the subsistence is fixed in absolute amounts.
Annex 1 shows the derivations of the inequality possibility frontier for Theil (0), Theil (1) or Theil's entropy measure, and the standard deviation of log of incomes. 8 Table 2 shows the formulas, the range of each measure, and the final expression for the inequality possibility frontier. For both Theil (0) and the standard deviation of logs, the maximum feasible inequality is equal to α, that is, is directly proportional to the mean income (expressed in multiples of subsistence). For Theil (1), there is no upper bound to the maximum and hence the Inequality Possibility Frontier cannot be defined. Second, for high values of α the distance of the calculated (actual) Theils from the Inequality Possibility Frontier is much greater than the analogous distance of the Gini. The reason is that the IPF within the Theil framework increases linearly in logs while within the Gini framework IPF is concave. Thus, for example, for countries with α>4, the average IER using Gini is 66 percent; using Theil, it is less than half (30 percent). 10 But while the levels of IER calculated with Gini and with Theil differ, the correlation between the two IER measures is quite high: both the linear and rank correlations are 0.89.
In conclusion, Gini and Theil seem to rank countries according to their inequality extraction ratios very much alike: more "exploitative" countries will be deemed such by both approaches. But the implied levels of IER are significantly lower with Theil than with
Gini. This, in turn, has implications on our view regarding how close to the inequality frontier were different societies. It also seems that, given the nature of social tables that are used to estimate pre-industrial inequalities, Gini would be more likely to capture inequality well, and in this case at least, it would be reasonable to prefer it to Theil. Another way to check whether IERs calculated from Gini and Theil (0) behave similarly is to use the regression results from Milanovic, Lindert and Williamson (2007) derived within Gini-based framework and check if they "survive" when we use IERs based on Theil. MLW (2007) find, on the sample of 28 pre-industrial societies, that two variables are strongly associated with the level of inequality extraction: being a colony increases the IER by some 25 Gini points; countries that are more densely populated are associated with lower IER (an increase of 10 people per km 2 reduces IER by 1.9 points). 11 As shown in Table   3 , both variables remain highly statistically significant when the IER is calculated within the Theil framework. 12 The absolute values of the coefficients are slightly different because the values of Theil indexes and Theil-based IERs differ from those of Gini and Gini-based IERs.
But both approaches yield strikingly similar results. In other words, and this is very important, IER results (in this case at least) do not depend on whether we situate ourselves within the Gini or Theil framework. 
A contemporary application: explaining conflict
One of the ways to look at the contemporary relevance of the inequality extraction ratio is to study its potential role in one of the areas where, on an a priori grounds, it should matter, namely in the analysis of civil war and within-national conflict. As is well known, simple interpersonal inequality reflected in a Gini coefficient is seldom found to be a statistically significant determinant of conflict (see Collier and Hoeffler 2004; Collier, Hoeffler and Rohner 2008, p. 16; and review in Sambanis 2004) . This leads to a somewhat bizarre and counter-intuitive conclusion that inequality is not associated with conflict. More recently, other types of inequalities, most notably horizontal, that is, inequality in average incomes between groups, has gained prominence (Stewart 2000; Østby 2008; Cederman, Weidmann and Gleditsch, 2011) . While in principle such inequality may be thought related to conflicts in multi-ethnic or multi-religious societies, it cannot capture inequality in societies that are homogeneous along these dimensions. For example, the civil war waged by the Khmer Rouge in Cambodia was dominantly politically-driven, not ethnic. So were the Great Leap Forward, the first civil war in Angola between the government and UNITA and a number of conflicts in Argentina and Colombia.
The inequality extraction ratio, by capturing how close to the frontier is actual inequality, conveys the information about the relative "rapaciousness" of the elite and combines in its formulation two aspects that are often found important for the explanation of civil conflict: the average level of development of a country (its GDP per capita) and its income distribution. To check the role of IER, we use a very detailed database on civil war created by Nicholas Sambanis (Sambanis and Schulhofer-Wohl, 2009 ). The database covers 151 conflicts in 70 countries over the period . This is probably the most complete data base of civil conflict: it treats as distinct the conflicts that might have overlapped in a given country over the same time period but were motivated by different reasons and had different actors; it includes the data on the duration of each conflict and its estimated casualties. Here we consider the role of IER in "explaining" the number of years of conflict per country and the overall casualty rate in the period 1960-2002. We exclude the pre1960s conflicts that were often driven by the decolonization movement and whose determinants differed from those of the post-1960s conflicts.
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The results are shown in Table 4 . The regression is run across countries with the dependent variable summing or averaging the conflict outcomes for the period 1960-2002.
The years of war variable shows the total number of years of civil war (with a year coded as being a "civil war year" even if conflict lasted only one month). The variable has, unsurprisingly, a mode at 0 with 116 countries (out of the sample of 185 countries) not experiencing civil conflict. The maximum value is 41 years for the Philippines and Colombia.
The other dependent variable, the casualty rate, is the ratio between total estimated casualties from civil war(s) divided by the average population size during the period. The casualty rate is obviously 0 for countries without civil wars, and its maximum value is 23 percent in Cambodia followed by 8.4 percent in Angola and 8 percent in
Afghanistan. Even when we exclude countries with a zero casualty rate, the density function is heavily skewed to the right and is strongly "bunched" around very small (less than 1 percent) values (see Figure 8 ).
The distribution of the inequality extraction ratio in countries with no civil conflict and those with at least one conflict in shown in Figure 9 . The latter distribution is shifted to the right, with a higher mean and median. In countries without conflict, the mean extraction ratio is 41.3 percent and the median 36.9 percent; in countries with civil conflict, the mean is 50.6 percent and the median 48.1 percent. 13 Equality of the means and medians is rejected at less than 1% level. So is the equality of the two distributions by the SmirnovKolmogorov test. 
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As shown in Table 4 , the introduction of IER to replace both GDP per capita and Gini does not reduce the explanatory power of the models.
14 The inequality extraction ratio is positively related to the civil war variables, and for the number of years of civil war, it is statistically highly significant. If we compare IER with Gini only, in both instances, IER outperforms Gini. While in the explanation of the casualty rate, the IER is not statistically significant, its sign is positive while Gini is marginally negative. For the duration of conflict, the difference is small: both are significant, but IER is significant at a lower p-level. In interpreting the role of IER, we conclude that a ten percentage point increase in IER is associated with, on average, an additional 0.2 years (2.4 months) of civil war, and with 0.12 percent increase in the overall casualty rate. Finally, we note that, as expected, ethnolinguistic fractionalization is strongly correlated with both duration of civil wars and casualty rates, while the effect of democracy is rather ambiguous: it is negatively associated with casualty rate but positively with years of conflict. Note: For number of years of civil war we use Poisson regressions. When transforming the casualty rate into logs, 0 casualty rate is treated as 0.01. IER is expressed in percentage points (G/G* times 100); so is Gini. Democracy is measured by the democracy variable from PolityIV database. It ranges from 0 (absence of democracy) to 10 (full democracy). All explanatory variables are 1960-2002 country averages. ** (*) Indicates statistical significance at less than 1% (5%). p-values between brackets.
Summary and conclusions
The paper had two key objectives: to extend the methodological work done on the inequality possibility frontier by allowing for a flexible social minimum that changes with the increase in the average income of a society, and to derive the inequality possibility frontier and the inequality extraction ratio for other inequality measures than Gini.
The inclusion of an income-flexible social minimum makes the surplus, at any average income level, less than if the subsistence is entirely physiologically determined. The IPF thus shifts downward, and the IER becomes greater. The difference between the two IERs is particularly marked in the past when the average incomes were much lower. Thus, over the 18 th and 19 th century, the inequality extraction ratios in the UK and the United
States, calculated using a social minimum that increases modestly with the average income (b=0.5), were in the 80's percents. They were at much lower 60's when calculated with a simple physiological minimum. The political implication of the finding is that, once the elite had to concede an increase in living standards of the poor as the economy got richer, it was quite efficient or ruthless in maximizing inequality to a very high degree. This is however different from the present-day situation. Using the observed elasticity of the social minimum with respect to the mean income in the United States of 0.59, the IER, despite its recent increase, turns out to be just above 50 percent.
The use of other inequality measures, like Theil, in the IPF framework is both feasible (although Theil's entropy measure cannot be used since its maximum is not bounded from above) and consistent with the results obtained within the Gini framework. We thus find that using either Theil (0) or Gini does not make any difference in our conclusion that, among pre-industrial economies, colonies were significantly more "exploitative" while densely populated countries were significantly less. This finding has political implication too.
If more densely populated countries were less unequal, was it because they somehow escaped the Malthusian trap, and then the populace by its sheer multitude presented enough of a threat to those in power to deter them from a more exploitative behavior? It is a question that needs further research, perhaps leading to results that may prove important for explaining countries' historical inequality and growth trajectories.
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The usefulness of the IPF approach was also illustrated on the contemporary example of factors associated with civil conflict. We find that IER can successfully replace GDP per capita and Gini in such explanations without reducing the explanatory power of the models. In other words, instead of an elusive role of the Gini coefficient in explaining civil conflict, we argue that the extraction ratio brings inequality (albeit formulated somewhat differently) back to the center stage.
For the IPF framework to prove valuable, further work will have to assess its empirical relevance. We need to know much more whether inequality extraction ratio can be usefully deployed to answer historical questions and to address the role of inequality today, particularly in poorer societies, where the Inequality Possibility Frontier is more binding. As can be seen in Table A1 , the maximum feasible Theil (1) diverges as ε becomes smaller and tends toward 0. Thus, the inequality possibility frontier will be ∞. 
when ε→0, the second term in the previous expression tends to 0[ln(μ-s)+∞] 2 = 0 x ∞.
Thus we have to find the limit of when ε→0.
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where A = μ-s+εs and lnA = constant if ε→∞, also A'/A constant if ε→∞. Also A'=s.
Continue with L'Hôspital's rule when ε→0
Therefore,
Thus, the maximum value taken by the standard deviation of logs when average income = α, is lnα.
